The response of liquid storage tanks isolated by the sliding systems is investigated under two horizontal components of real earthquake ground motion. The continuous liquid mass is lumped as convective mass, impulsive mass and rigid mass. The corresponding stiffness associated with these lumped masses is calculated depending upon the properties of the tank wall and liquid mass. The governing equations of motion of the tank with a sliding system are derived and solved by Newmark's step-by-step method with iterations. The frictional forces mobilized at the interface of the sliding system are assumed to be velocity dependent and their interaction in two horizontal directions is duly considered. A parametric study is also conducted to study the effects of important system parameters on the effectiveness of seismic isolation of the liquid storage tanks. The various parameters considered are (i) the period of isolation (ii) the damping of isolation bearings and (iii) the coefficient of friction of sliding bearings. It has been found that the bi-directional interaction of frictional forces has noticeable effects and if these effects are ignored then the sliding base displacements will be underestimated which can be crucial from the design point of view. Further, the dependence of the friction coefficient on relative velocity of the sliding bearings has no significant effects on the peak response of the isolated liquid storage tanks.
Introduction
The integrity of a structure can be protected from the effects of severe earthquakes either through the concept of resistance or isolation. In designing a structure by resistance, it is assumed that the earthquake forces are directly transmitted to the structure and each member of the structure is required to resist the maximum possible forces that may be induced by earthquakes based on various ductility criteria. In the category of earthquake isolation, however, one is interested in reducing the peak response of the structure through implementation of certain isolation devices between the base and foundation of the structure which prevents the transmission of earthquake acceleration. The main concept in isolation is to increase the fundamental time period of structural vibration beyond the energy containing periods of earthquake ground motion. The other purpose of an isolation system is to provide an additional means of energy dissipation, thereby reducing the transmitted acceleration into the superstructure. This innovative design approach aims mainly at the isolation of a structure from the supporting ground, generally in the horizontal direction, in order to reduce the transmission of the earthquake motion to the structure.
A variety of isolation devices including elastomeric bearings (with and without lead core), frictional/sliding bearings and roller bearings have been developed and used practically for aseismic design of buildings during the last 20 yr [1, 2] . A significant amount of recent research in the base isolation has focused on the use of frictional elements to concentrate flexibility of the structural system and to add damping to the isolated structure. The most attractive feature of the frictional base isolation system is its effectiveness for a wide range of frequency input. The other advantage of a frictional type system is that it ensures the maximum acceleration transmissibility equal to the maximum limiting frictional force. The simplest sliding system device is a pure-friction (P-F) sys-tem without any restoring force [3] . More advanced devices involve P-F elements in combination with a restoring force. The restoring force in the sliding system reduces the base displacements and brings the system back to its original position after an earthquake. Some of the commonly proposed sliding systems with restoring force include the resilient-friction base isolator (R-FBI) system [4] , the friction pendulum system (FPS) [5] , Electricité de France system (EDF) [6] and elliptical rolling rods [7] . The sliding systems perform very well under a variety of severe earthquake loading and are very effective in reducing the large levels of the superstructure's acceleration without inducing large bearing displacements [4, 8] . In addition, the sliding systems are also less sensitive to the effects of torsional coupling in asymmetric base-isolated buildings [9] .
There have been several studies investigating the effectiveness of seismic isolation for buildings but very few studies are reported for the seismic isolation of liquid storage tanks which has a vital and strategic use. Kim and Lee [10] experimentally investigated seismic performance of liquid storage tanks isolated by elastomeric bearings and found that the isolation system is effective in reducing the dynamic response. Malhotra [11, 12] , Chalhoub and Kelly [13] and Shrimali and Jangid [14] studied the seismic response of isolated liquid storage tanks and observed that isolation is quite effective in reducing the earthquake forces. It is to be noted that in all the above studies elastomeric bearings were used and there is a need to study the performance of sliding systems for seismic isolation of liquid storage tanks.
In this paper, the response of liquid storage tanks isolated by the sliding systems under two horizontal components of earthquake ground motions is investigated. The specific objectives of the present study can be summarized as (i) to present a method for earthquake analysis of liquid storage tanks supported on sliding systems by duly incorporating the effects of bi-directional interaction and velocity dependence of frictional forces of the isolation system, (ii) to investigate the effects of bidirectional interaction of frictional forces under the earthquakes (by comparing the response of the system with and without interaction), (iii) to study the effects of velocity dependence of the friction coefficient of the sliding system on the peak response of the system and (iv) to study the influence of important parameters on the effectiveness of sliding systems for liquid storage tanks. The various important parameters considered are: the period, damping, friction coefficient of the sliding system and the aspect ratio of the tank. Fig. 1 shows a model of a liquid storage tank supported on the sliding system. The sliding system is installed between the base and the foundation of the tank. The tank is modelled by a lumped mass model suggested by Housner [15] and Rosenblueth and Newmark [16] . The contained continuous liquid mass is lumped as convective, impulsive and rigid masses referred as m c , m i and m r , respectively. The convective and impulsive masses are connected to the tank wall by corresponding equivalent springs having stiffness k c and k i , respectively. The damping constant of the convective and impulsive masses are c c and c i , respectively. The system has 6 degrees of freedom under bi-directional earthquake ground motion, 2 degrees of freedom at each lumped mass in two horizontal x-and y-directions. These degrees of freedom are denoted by (u cx , u cy ), (u ix , u iy ) and (u bx , u by ) which denote the absolute displacement of convective, impulsive and rigid masses in the x-and ydirections, respectively. The tank model is assumed to have a deformable cylindrical shell. The parameters of the tanks considered are liquid height H, radius, R and average thickness of tank wall, t h . The effective masses are defined in terms of the liquid mass, m from the parameters expressed [17] as
Model of liquid storage tank and the sliding system
where S ϭ H / R is the aspect ratio (i.e. ratio the liquid height to radius of the tank) and Y c , Y i , and Y r are the mass ratios defined as
The natural frequencies of sloshing mass, w c and impulsive mass, w i are given by the following expressions
where E and r s are the modulus of elasticity and density of tank wall, respectively; g is the acceleration due to gravity; and P is a dimensionless parameter expressed as
The sliding system is considered as isotropic (i.e. same coefficient of friction in two orthogonal directions of the motion in the horizontal plane) and the restoring force provided by the sliding systems is considered to be linear (i.e. proportional to relative displacement). The additional damping (other than friction) is assumed as viscous damping. The frictional forces mobilized at sliding system are assumed to be coupled in two horizontal directions and the friction coefficient is assumed to be dependent on the relative velocity. The limiting value of the frictional force, Q s to which the sliding system can be subjected in a particular direction is expressed as
where m is the friction coefficient of the sliding system; and M (i.e. m c +m i +m r ) is the effective mass of the tank (the mass of tank wall is neglected since it is very small in comparison to the effective liquid mass). The coefficient of sliding friction, m at a resultant slid-
, may be approximated from [18] by the following equation
where ẋ b and ẏ b are the velocities of the sliding system relative to the ground in the x-and y-directions, respectively; m max is the coefficient of friction at large velocity of sliding (after leveling off); ⌬m is the difference between the friction coefficient at large and zero velocity of the system; and a is a constant which depends upon bearing pressure and condition of interface and its value is taken as 20 s/m.
Governing equations of motion
The equations of motion of an isolated liquid storage tank subjected to earthquake ground motion are expressed in the matrix form as T is the earthquake ground acceleration vector; (ü gx , ü gy ) and (Q x , Q y ) are the ground accelerations and the frictional forces in the x-and y-directions of the system, respectively; and T denotes the transpose.
Criteria for sliding and non-sliding phases
In a non-sliding phase (ẍ b ϭ ÿ b ϭ 0 and ẋ b ϭ ẏ b ϭ 0) the resultant of the frictional forces mobilized at the sliding system interface is less than the limiting frictional force (i.e. ͱQ 
Note that Eq. (14) indicates a circular interaction between the frictional forces mobilized at the interface of the sliding system as shown in Fig. 2(a) . The system remains in the non-sliding phase inside the interaction curve. Further, the governing equations of motion in two orthogonal directions of the structures supported on the sliding type of isolators are coupled during the sliding phases due to interaction between the frictional forces. However, this interaction effect is ignored if the structural system is modelled as a 2-D system. In such cases the corresponding curve which separates the sliding and non-sliding phases is a square as shown in Fig. 2 (a) by dashed lines.
Since the frictional forces oppose the motion of the system, the direction of the sliding of the system with respect to the x-direction is expressed as
Solution of equations of motion
During the non-sliding phase (ẍ b ϭ ÿ b ϭ 0 and ẋ b ϭ ẏ b ϭ 0), the rigid mass sticks to the foundation and the system behaves as two single degrees of freedom (i.e. convective and impulsive mass) in two orthogonal horizontal directions. These equations can be solved by an exact or numerical integration technique until the frictional forces mobilized at the sliding surface are less than the limiting value. As soon as the frictional force attains the limiting value the sliding phase of motion begins in which the additional degrees of freedom of the rigid mass are included in the response analysis. Since the frictional forces mobilized in the sliding system are coupled and non-linear functions of the displacement and velocity of the system are in two orthogonal directions, as a result, the equations of motion are to be solved in the incremental form during the sliding phase of motion. Newmark's method has been chosen for the solution of governing differential equations, assuming linear variation of acceleration over the small time interval, ⌬t. The incremental equations in terms of unknown incremental displacements are expressed as
where [k eff ] is the effective stiffness matrix; {⌬z} ϭ {⌬x c , ⌬x i , ⌬x b , ⌬y c , ⌬y i , ⌬y b } T is the incremental displacement vector; {P eff } is the effective excitation vector; {⌬Q} ϭ {0, 0, ⌬Q x , 0, 0, ⌬Q y } T is the incremental frictional force vector; and ⌬Q x and ⌬Q y are the incremental frictional forces in the x-and y-directions, respectively.
In order to determine the incremental frictional forces, consider Fig. 2(b) . At time t the frictional forces are at point A on the interaction curve and move to point B at time t+⌬t. Therefore, the incremental frictional forces are expressed as:
where Q t ϩ ⌬t s is the limiting frictional force at time t+⌬t which is obtained by Eq. (11) depending upon the coefficient of friction, m expressed by Eq. (12) ; and the superscript in the above equations denotes the time.
Since the frictional forces are opposite to the motion of the system, therefore, the angle q t ϩ ⌬t is expressed in terms of the relative velocities of the system at time t+⌬t by
Substituting for q t ϩ ⌬t from Eqs. (17) and (18), the incremental frictional forces [3] are expressed as
In order to solve the incremental matrix Eq. (16), the incremental frictional forces (⌬Q x and ⌬Q y ) should be known at any time interval. The incremental frictional forces involve the system velocities at time t+⌬t by Eqs. (20) and (21) which in turn depend on the incremental displacements (⌬x b and ⌬y b ) at the current time step. As a result, an iterative procedure is required to obtain the required incremental solution. The steps of the procedure considered are as follows 1. Assume ⌬Q x ϭ ⌬Q y ϭ 0 for iteration, j ϭ 1 in Eqs. (20) and (21) 
͉(⌬Q
where e is a small threshold parameter. The superscript to the incremental forces denotes the iteration number.
When the convergence criteria is satisfied, the velocity of the sliding structure at time t+⌬t is calculated using incremental velocity. In order to avoid the unbalanced forces, the acceleration of the system at time t+⌬t is evaluated directly from the equilibrium of the system in Eq. (13) . At the end of each time step the phase of the motion of the system should be checked. The response of the sliding structures is quite sensitive to the time interval, ⌬t and initial conditions at the beginning of sliding and non-sliding phases. The number of iterations in each time step is taken as 10 to determine the incremental frictional forces at the sliding support.
The base shear is a measure of the hydrodynamic forces generated in the tank which is directly proportional to earthquake forces exerted in the tank. Therefore, the effectiveness of base isolation is measured in terms of reduction of the base shear generated in the tank during earthquake. The base shear is directly proportional to the axial compressive forces induced in the cylindrical tank wall which causes the buckling [11] . The base shear generated in the x-and y-directions of the tank are expressed by
where F bx and F by are the base shear in the x-and ydirections of the tank, respectively.
Numerical study
The seismic response of liquid storage slender and broad tanks isolated by the sliding system is investigated. Three types of commonly used sliding base isolation systems i.e. the pure-friction (P-F) system, the friction pendulum system (FPS) and the resilient-friction base isolator (R-FBI) are considered for the present study. The properties of the sliding system (such as stiffness, damping and friction) are kept the same in both the x-and y-directions of the system. As a result, the sliding isolation system can be completely defined by the three parameters namely the period of isolation, T b (i.e. T b ϭ 2p / w b ; and w b ϭ ͱk b / M), the damping ratios, x b (i.e. x b ϭ c b / 2Mw b ) and the coefficient of friction (i.e. m max and ⌬m). However, other tank parameters such as damping ratio of convective mass (x c ) and the impulsive mass (x i ) are taken as 0.5 and 2%, respectively. The tank wall considered is made of steel with a modulus of elasticity of E ϭ 200 MPa and mass density, r s ϭ 7900 kg/m 3 . Three real earthquake ground motions are used to study the response of isolated tanks. The details of these motions are given in Table 1 . The components S90W, N90E and N90E of Kobe, Loma Prieta and Imperial Valley earthquake ground motions, respectively are applied in the x-direction of the tank. The other orthogonal components are applied in the y-direction. The displacement and acceleration spectra of the above earthquake ground motions are shown in Fig. 3 . The seismic response of the isolated tanks is compared with the corresponding response of non-isolated tanks in order to measure the effectiveness of the sliding systems. The response quantities of interest in both the x-and y-directions of the tank are: base shear (F bx , F by ), displacements of convective mass (x c , y c ), impulsive mass (x i , y i ) and displacements of sliding system (x b , y b ). For comparative and detailed parametric study two different types of tanks, namely the broad and slender tanks are considered. The properties of these tanks are: (i) aspect ratio (S) for slender and broad tanks is 1.85 and 0.6, respectively; (ii) the height, H, of water filled in the slender and broad tanks is 11.3 and 14.6 m, respectively; (iii) the natural frequencies of convective mass and impulsive mass for the broad and slender tank are 0.123, 3.944 Hz and 0.273, 5.963 Hz and (iv) the ratio of tank wall thickness to its radius (t h /R) is taken as 0.004 for both the tanks. Note that the same value of t h / R ϭ 0.004 is used in deriving Eqs. (1-3) and (10) . The base shear of the tank is normalized by the effective weight of the tank, W (i.e. W ϭ Mg). The time variation of base shear and relative displacements of the convective mass, impulsive mass and rigid mass isolated by the FPS system for the slender tank is shown in Figs. 4 and 5 for the x-and y-directions, respectively under Imperial Valley, 1940 earthquake ground motion. The isolation parameters considered are T b ϭ 2 s, m max ϭ 0.05 and ⌬m ϭ 0. It is observed that there is significant reduction in the base shear and impulsive displacement of the tank implying that the sliding system is quite effective in reducing the earthquake response of the tanks. On the other hand, the sloshing displacement of the tank remains the same for both isolated and non-isolated conditions. This is due to the fact that the period of sloshing mass is 3.66 s which is well separated from the period of the isolation systems hence isolation has no significant effect on sloshing displacement. The peak bearing displacements are 6.19 and 5.12 cm in the x-and y-directions of the tank, respectively which are considerably less in magnitude to accommodate the sliding system.
The peak response of non-isolated and isolated tanks under three earthquake ground motions are shown in Tables 2, 3 and 4 for P-F, FPS and R-FBI systems, respectively. It is observed that due to isolation, peak base shear and peak impulsive displacement are significantly reduced. Moreover, the peak impulsive displacement is quite small in comparison to sloshing and base displacement which is further reduced due to isolation of the tank. The percentage reductions of peak base shear with interaction effect in slender and broad tanks isolated by P-F, FPS and R-FBI due to Imperial Valley are 79. 84 respectively. The above reduction in base shear indicates that the sliding systems are relatively more effective for slender tanks in comparison to broad tanks. Further, there is no significant change in the sloshing displacement of both slender and broad tanks due to Imperial Valley, 1940 earthquake but the other earthquake ground motions have some influence on it. It is to be noted that there is significant sloshing displacement in the slender tank in the y-direction for both isolated and non-isolated conditions under Loma Prieta, 1989 earthquake motion. This is due to the fact that at the sloshing period of slender tank (i.e. 3.66 s) this earthquake has a maximum displacement spectra ordinate (see Fig. 3 ), as a result, the sloshing displace- ment is amplified. The maximum bearing displacement is found to of the order of 50 cm for a slender tank isolated by the R-FBI system under Loma Prieta, 1989 earthquake motion.
In Tables 2-4 , the response of isolated tanks is also compared with the corresponding response without considering the interaction of friction forces of the sliding systems (i.e. earthquake response of tanks in two horizontal directions obtained as a 2-D idealization). It is observed that the base shear for both slender and broad tanks is not significantly influenced by the interaction of frictional forces for all sliding systems. Further, the convective and impulsive displacements due to the interaction effect are slightly decreased in the slender tank while in the broad tank it is increased. The bearing displacement is found to be increased due to the interaction of the friction forces of the sliding system. This is due to the fact that when the interaction is taken into consideration the system starts sliding at a relatively lower value of the frictional forces mobilized in the sliding system (refer to the sliding Eq. (14)), as a result, the sliding displacements in the isolated system are increased. Thus, if the interaction of the frictional forces of the sliding system is ignored then the sliding displacements will be underestimated which can be crucial from the design point of view of the isolation system. Table 2 Peak seismic response of liquid storage tanks isolated by P-F system (T b ϭ ϱ, x b ϭ 0 and m max ϭ 0.1 and ⌬m ϭ 0) Earthquake/tank condition Response quantity Table 3 Peak seismic response of liquid storage tanks isolated by FPS (T b ϭ 2 s, x b ϭ 0, m max ϭ 0.05 and ⌬m ϭ 0) Earthquake/tank condition Response quantity Table 4 Peak seismic response of liquid storage tanks isolated by R-FBI system (T b ϭ 4 s, x b ϭ 0.1, m max ϭ 0.04 and ⌬m ϭ 0) Earthquake/tank condition Response quantity Table 5 Effects of ⌬m on the peak seismic response of liquid storage tanks isolated by FPS system (T b ϭ 2 s, x b ϭ 0 and m max ϭ 0.05) 
Effects of velocity dependent friction coefficient
The friction coefficient of various sliding isolation systems is typically dependent on the relative velocity at the sliding interface and it will be interesting to study these effects on the peak response of isolated liquid storage tanks (refer to Eq. (12) for the expression of velocity dependent friction coefficient). In Table 5 , the peak seismic response of slender and broad tanks isolated with the FPS system is shown for different values of ⌬m (i.e. 0, 0.1m max , 0.2m max and 0.3m max ). Note that ⌬m ϭ 0 denotes that the friction coefficient of the sliding isolation system is independent of the velocity at the sliding interface (i.e. Coulomb-friction idealization). It is observed from Table 5 that the dependence of the friction coefficient on the relative sliding velocity has no noticeable effects on the peak response of liquid storage tanks isolated by sliding systems for all the earthquake ground motions. A similar trend in the results was also observed for the tanks isolated by the P-F and R-FBI systems. Thus, the effects of dependence of friction coefficient on the sliding velocity may be ignored for determining the peak response of isolated tanks. These effects are similar to that observed by Fan and Ahmadi [8] for buildings isolated by the sliding systems. 
Effects of isolation period
So far the effectiveness of a sliding system for isolating the liquid storage tanks is investigated for the fixed parameters of the sliding systems. However, it will be interesting to study the influence of isolator parameters (such as period, damping and friction coefficient) on the beahviour of isolated tanks. The variation of resultant base shear, F bz (i.e. ͱF 2 bx ϩ F 2 by ), sloshing displacement, z c and bearing displacement, z b for both slender and broad tanks is shown against the period of isolation, T b in Figs. 6 and 7 for the FPS and R-FBI systems, respectively. The figures indicate that the base shear decreases with the increase of flexibility of isolation systems. This is due to the fact that with an increase of isolation period the system becomes more flexible and, as a result, transmits less earthquake acceleration into the tanks leading to a reduction in the base shear. However, the effect of isolation period is not found to be significant on the sloshing displacement in both tanks. The base displacement increases with the increase of isolation period for Imperial Valley, 1940 and Loma Prieta, 1989 earthquakes whereas it decreases for Kobe, 1995 earthquake ground motion. This trend is similar to the displacement spectra of these ground motions as shown in Fig. 3 . Thus, the effectiveness of sliding systems for tanks increases with the increased flexibility.
Effects of coefficient of friction
The effects of coefficient of friction, m max on the resultant response of isolated tanks are shown in Figs.  8 and 9 for the FPS and R-FBI systems, respectively. It is observed that the peak resultant base shear decreases initially and after that it increases with the increase of friction coefficient. This indicates that there exists an optimum value of coefficient of friction for which the base shear in the tank attains the minimum value. On the other hand, the bearing displacement for both tanks decreases with the increase of coefficient of friction. This is expected as the friction coefficient of the sliding system increases it transmit higher earthquake acceleration (due to increase of limiting frictional force) into the tanks resulting in higher base shear. Since the limiting frictional force is increased with the increase of friction coefficient, as a result, less sliding takes place in the isolation system leading to reduction in the bearing displacement. Further, the sloshing displacement mildly decreases with the increase of friction coefficient of the sliding system. 
Effects of isolation damping
The peak resultant seismic response of slender and broad tanks isolated by the R-FBI system is plotted against the isolation damping, x b in Fig. 10 . The figure indicates that the base shear initially decreases with increases of damping and attains the minimum value thereafter, it increases with increase of isolation damping. This implies that there exists an optimum value of isolation damping at which there is a minimum value of base shear. On the other hand, the sloshing displacement and the base displacement decreases with the increase of isolation damping. Thus, increase in the isolation damping can reduce the displacement response of the tank but under certain conditions the high damping may produce more earthquake forces into the system.
The effects of friction coefficient and damping on the peak base shear of the tank are similar to the well-known phenomenon that high damping in isolation systems can reduce the displacements but it may transmit higher earthquake forces [19, 20] . It happens due to the fact that the high bearing damping transmits more acceleration into the system for the earthquake energy at the higher frequencies. Thus, one should select the optimum value of coefficient of friction and damping in the sliding systems for effective design of isolated liquid storage tanks. These optimum parameters will be dependent on the properties of the tank, isolation system and the characteristics of the earthquake ground motion.
Conclusions
The response of liquid storage tanks supported on the sliding systems subjected to bi-directional earthquake ground motions is investigated. The bi-directional interaction and velocity dependence of frictional forces of the sliding system in two orthogonal directions are duly incorporated in the governing equations of motion of the system. The response of the isolated system under the recorded earthquake ground motions is analysed to investigate the performance of sliding systems for seismic isolation of tanks. From the trends of the results of the present study the following conclusions may be drawn:
1. The sliding systems are found to be quite effective in reducing the base shear and impulsive displacement of the liquid storage tanks. However, the sloshing displacement of the tank is not greatly influenced due to isolation by the sliding systems. 2. The dependence of the friction coefficient on the relative velocity of the system has no noticeable effects on the peak response of the isolated liquid storage tanks. Therefore, these effects may be ignored in determining the peak response of the system. 3. The bi-directional interaction of frictional forces has significant effects on the response of isolated tanks. If these effects are ignored then the sliding displacement will be underestimated which can be crucial from the design point of view. 4. The effectiveness of isolation systems for tanks increases with the increase of the flexibility of the sliding systems. 5. There exists an optimum value of friction coefficient and damping for which the base shear in the liquid storage tanks attains the minimum value under earthquake ground motion. However, the sloshing and bearing displacement decreases with the increase in the friction coefficient and damping of the sliding system.
